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Abstract. We study the degree of the special cubic fourfolds in the 
Hilbert scheme of cubic fourfolds via a computation of the generating 
series of Heegner divisors of even lattice of signature (2, 20). 
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^ \ 1. Introduction 

pg . Let y be a six dimensional complex vector space. A smooth cubic hy- 

persurface X in ¥(y) is special if it contains an algebraic surface S not 
homologous to a complete intersection. Denote by h the hyperplane class 
ij , of X. We say that X is special of discriminant d if the discriminant of the 

i^ ' saturated lattice spanned by h"^ and S is d. It is known [8] that d > 6 when 

C^ . X is smooth. 

The set of special cubic fourfolds of discriminant d forms a divisor C^ in 
the Hilbert scheme P(Sym V^*). Hassett [8] gives a definition of Cq via the 
period map (cf. ^. In this paper, we will study the degree of the these 
divisors in P(Sym^y*). 
Set 



.(<z) = l + 6^g"^(' 

n>l d\n ^' 



n>l d\n ^ 

where (,) is the Legendre symbol. Our main result is the following: 
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oo ^ 

Theorem 1. Let ©((/) = —2 + ^ deg{Cd)q'^ be the associated generating 

d>2 

series. Then 

eiq) = - a^\q) + I62a\q)f3{q) + 91854a^ (q) (3\q) 

+ 220U96a^ {q)/3^{q) - a"(g^) + 66a^{q^)f3{q^) 
(1-2) 11 11 

- 1386a^{q3)(3^{qs) + 9072a'^{q3)(3^{q3) 

= - 2 + 192q + 3402^3 + 196272g2 + 915678^3 + . . . 

is a modular form of weight 11 and level 3. 

Remark 1. The constant term of &{q) is determined by the degree of the 
Hodge bundle of a pencil of cubic fourfolds. This will be discussed in ^and 



This paper is organized as follows: In section 2, we review Hodge the- 
ory on cubic fourfolds, such as the period domain of the polarized lattice 
Aq := (/i^) in the middle cohomology and the global Torelli theorem for 
cubic fourfolds. Moreover, we give an interpretation of the degree of Cd as 
an intersection number on the period domain and give some examples. Sec- 
tion 3 is devoted to introducing Borcherd's work on vector-valued modular 
forms on lattices and Heegner divisors. In particular, we review the results 
about the modularity of the generating series of Heegner divisors, and apply 
them to our lattice — Aq to show the correspondence between the Heegner 
divisors and special cubic fourfolds. As a result, we show that the vector- 
valued generating function of deg{Cd) is a vector-valued modular form ^ 
of a certain type. In section 4, we construct basis of the space of vector- 
valued modular forms of that type. As a consequence, we can express ^ 
explicitly as some functions of vector- valued Eisenstein series. Theorem [T] is 
proved in section 5. In our last section, we show that the Picard group of 
the arithmetic quotient of the Period domain is generated by the Heegner 
divisors. 

Acknowledgements. The first author was supported by NSF grant 
0901645 and the second author was supported by the Dean's Fellowship of 
Wiess School of Natural Science at Rice University. The authors are grateful 
to their advisor Brendan Hassett for introducing this problem, and many 
useful discussions. Thanks Radu Laza for useful discussions. 

2. Special Cubic fourfolds 
In this section, we review some classical results on cubic fourfolds. 

2.1. Hodge theory. Let X be a smooth cubic fourfold. The middle coho- 
mology H'^{X, Z) =: A is a rank 23 odd lattice of signature (21, 2) under the 
intersection form (,) (cf. [8]). 
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We take Aq be the orthogonal complement of /i^ and denote by Aq the 
dual lattice of Aq. It is known [8] that 

(2.1) Ao = W®U®'^®E®^, 

where 

and Es is the positive definite lattice associated to the Lie group of the same 
name. 

The period domain 

V = {uj eP(Ao®zC)|(a;,a;) =0,-{uj,O) > 0}, 

can be viewed as the analytic open subset of a quadric. 

Let X be the quotient D/T for the arithmetic subgroup F C Aut{Ao) 
stabilizing D. As in [8], Af is known to be a quasi-projective variety of 
dimension twenty. 

Let C° be the moduli space of smooth cubic fourfolds. The period map 

(2.3) V° :C° ^ X 

sending each smooth cubic fourfold to its period is an open immersion of 
analytic spaces [I8l[l9]. Therefore, we may regard C° as an open subset of 
the arithmetic quotient X. 

Definition 1. Let L be a rank- two positive definite saturated sublattice of 
A containing /i^ . Let V^ be the hyperplane of V defined by 

(2.4) Vl={u} £V\u} ±L}. 

Then we define D^ to be the quotient by T of the union of hyperplanes P^ 
with det(L) = d. 

Remark 2. The union oiT^L with the given discriminant d has a nontrivial 
stabilizer only if d = 6. The stabilizer acts trivially on W-^ and acts as the 
reflection on W. 

The following result is shown in [^, 

Theorem 2. If d > 6, D^ C X corresponds to the special cubic fourfolds of 
discriminant d and is a nonempty divisor if and only if d = 0,2 mod 6. 

Remark 3. Via a study of degenerations of cubic fourfolds, Hassett has 
also shown that: 

(i) D2 parametrizes the limiting mixed Hodge structures arising from 
determininantal cubic fourfolds. 

(ii) Dq parametrizes the limiting mixed Hodge structures arising from 
cubic fourfolds with a single double point. 
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2.2. The degree of special cubic fourfolds. Let U C P(Syn/y*) be 

the Zariski open subset parametrizing cubic hyperpsurfaces with at worst 
isolated simple (A-D-E) singularities. Since a cubic fourfold with isolated 
simple singularities is GIT stable, it makes sense to define the moduli space 
C of such cubic fourfolds (cf. [10], [TT] Theorem 2.1). Therefore, we have a 
canonical morphism 

In [11], Laza has studied the image of the period map, and shown that 
V° : C° ^ X extends to a regular morphism "P : C — >• Af. Let ip be the 
composition 

Then the divisor Cd can be considered as the Zariski closure of ip~^{D(i) in 
P(SymV*) for d>2. 

Remark 4. Actually, Looijenga [12] and Laza [11] have both shown that 
the complement of C° in X is the union of D2 and Dq. 

A natural approach to compute the degree of Cd is via intersections with 
test curves. Let vr : X — t- P^ be a Lefschetz pencil of cubic hyperplane 
sections of P(y). It yields a natural morphism 

(2.5) L^:F^ ^ P(SymV*) 

factoring through U. Then deg{Cd) = Nd := /pi 4[C'd]- For d > 2, the 
intersection number Nd can be computed by 

(2.6) / Kl[Ddl 

where k^ : P-^ — >• A' is the composition of 6,^ and if. 

If d = 2, since there are no determinantal cubic fourfolds in a Lefschetz 
pencil of cubic fourfolds, we set A'^2 = 0. 

2.3. Some examples. In this subsection, we will give some examples of 
deg{Cd) by enumerative geometry methods. 

2.3.1. d=6, cubic fourfolds with double points. 

The first jet bundle J^(C'p(y)(3)) [16] of Op(y)(3) is defined by the following 
exact sequence: 

(2.7) ^ Op(y) ® Op(y)(3) ^ ji(Op(y)(3)) ^ Op(v.)(3) ^ 0. 

In addition, we have a natural surjection Sym^(y*) — )• J^(C'p(y)(3)) and 
denote by K the kernel of this map. Then X is a rank 50 vector bundle, cor- 
responding to the universal subbundle parameterizing all the cubic fourfolds 
containing a double point. It fits into the following exact sequence: 

(2.8) O^K ^ Sym^Cl/*) -^ ji(C'p(y)(3)) -^ . 
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Let P{K) be the projectivization of K and set ^ = ci(C'p(^)(l)) with 

e^o + ci(j^)e^9 + ■ ■ ■ + C5(i^)e^5 = o. 

By direct computation, we have: 

degiCe) = e^ = 192. 
(cf. Appendix l7.1i ) 

2.3.2. d=8, cubic fourfolds containing a plane. 

Let Gr{3,V) be the Grassmannian parametrizing all planes in ¥{V) and S 
be the universal subbundle of Gr(3, V). Take the dual of the canonical exact 
sequence 

(2.9) ^ S ^ V ^ OGr{3,V) ^ Q ^0, 

quotient 



we get 



O^Q*^V*^ Ocrisy) A 5* ^ . 



Then the morphismp induces a surjection Sym^ {V* ^ OGr{3,v)) -^ Sym^ 5*, 
which gives 

(2.10) O^K' ^ Sym3(y* ® OGr{3,v)) ^ Sym^ S* ^ . 

The kernel K' corresponds to the universal subbundle parametrizing all the 
cubic fourfolds containing a plane. 
Similar as the case of Cq, we obtain 

deg(C8) = e^ = 3402 

via standard Schubert calculus, where ^ = ci(C'p(/^/)(l)) (cf. Appendix I7.2[ ) 

3. Modular forms 
We stick to the notation instroduced in ^ 

3.1. Vector- valued modular forms. The metaplectic double cover of «S'L2(Z) 
consists of the elements (A, 0(r)), where 

^ = ( c d) ^ SL2{Z), 0(r) = iV^^Td. 
It is well-known that Mp2(Z) is generated by 

Let Ti be the complex upper half-plane. Suppose we have a representation 
p of Mp2{'L) on a finite dimensional complex vector space V, such that p 
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factors through a finite quotient. For any k G 2^1 ^ vector- valued modular 
form /(r) of weight k and type /) on V is a function 

holomorphic on Ti and at 00, such that for all g = (A, (/)(r)) G Afp2(^), we 
have 

/(Ar) = <A(r)2^-.p(g)(/(r)). 

When dimV = 1, this recovers the definition of the scalar- valued modular 
forms with a character. 

Given an even nondegenerate integral lattice M of signature (ft"*" , b~ ) with 
a bilinear form (,), we denote by M"^ its dual lattice. From now on, we 
always regard M as an even nondegenerate integral lattice. There is a Weil 
representation pM of Mp2{'L) on the group ring C[M^/M]. Let v^ be the 
standard basis of C[M^/M] for 7 G M^ jM. Since M'p2[^) is generated by 
S and T, pA/ can be defined by the actions of the generators as follows: 



27ri(7,(5) 



(3-1) ... Vt'-'^ 



If A^ > is the smallest integer for which A^ ^^^' G Z for all 7 G M"^, the 
representation factors through the finite index subgroup r(A^) C Mp2{Z), 
where 

f(Ar) = |(Ac/>)|^^( J J) modivj 

Let p\^ be the dual representation of pM and denote by Mod(Mp2(^), A;, /9^j) 
the space of modular forms of weight k and type p*jyj. 

3.2. Heegner divisors. Let M have signature {2,m). We consider the 
domain 

Vm = {u; G P(M®C)|(a;,a;) =0, (a;,a;) > 0}, 
and 

Tm = {5 G ^ut(M)| g acts trivially on Af'-^/M}. 

Denote by Xm the quotient VM/^AiicL [5]). Given t; G M^, there is an 
associated hyperplane 

v-^ = {w£ Vm\ {w, u) = 0} C Vm- 

It is easy to see that the value {v, v) and the residue class v mod M are 
both invariant under the action of Tm- Therefore, for each pair of n G Q"^^ 
and 7 G M'^ /M, one can define the Heegner divisor [5] 7/^,7 of Xm by 



y^.7 =1 X] ^"^1 /'^^^- 

■^{v,v)=n, i'=7 mod M 
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In the degenerate case where n = 0, we take ?/o,o to be the Q-Cartier 
divisor coming from 0{1) on Pj\/ C P(M (8) C). 

Set q = e^'^*'^ and consider the vector-valued generating series 

)7GMV/M 



we have the fohowing results: 

Theorem 3. /]2] |14j [T3] ) Let M be an even lattice of signature {2,m). The 
generating series $ (q) is an element of 

ITl 

Pic{XM) ®% Mod(Mp2(Z), 1 + -,p\i). 

Remark 5. As a result, for any linear function 

(3.2) A : Pic{XM) O C ^ C, 

the corresponding linear contraction A(<1>) is a vector- valued modular form 
inMod(Mp2(Z),l + f,pJ^). 

3.3. Application to special cubic fourfolds. Now, we take M to be the 
lattice Aq := — Aq given in (12. ip . i.e. the bilinear form on Aq is the negative 
intersection form of Aq. By abuse of notation, we continue to use (,) for 
this bilinear form on Aq. 

One can certainly identify the quotient X and X[^ , and regard D^ as the 
natural divisor in X\i . 

Since |Aq^/Aq| = | det(AQ)| = 3, we can take 7^ to be the three elements 
of Aq^/Aq with \ {'^i,-fi) = -y mod Z for i = 0,1,2. Denote by Vi the 
corresponding basis of C[Aq^/Aq]. The following result is straightforward: 

Lemma 1. The Heegner divisors yn,^ = Vn,-^ = Dd, where 

-d . d 



n = — and 7 = -71 mod Aq, 



/or (n,7)/ (0,0). 



Proof. The redundancy 2/„^^ = y-n-^ is because of the symmetry (v) = 
{—v) . Let L C —A be a rank 2 negative sublattice containing h^ and of 
discriminant d. Assume that L is generated by /i^ and C,. Then there is a 
bijection between the two sets of hyperplanes as follows: 

Vl = {uj (^ Pa;, I w ± L} i — > v^ 
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since one can verify that 



(3.4) 



C + ^/^^-4^1 modA[,. 



In this situation, the intersection of yo,o with the test curve k^ : P"*^ — t- 
X in ^2.31 equals to the degree of the Hodge bundle R'^-K^,{Q^mi), where 
ili /pi is the relative sheaf of holomorphic 1-forms. After applying the linear 
contraction (j2.6p to $, we obtain that: 

Corollary 4. The vector-valued meromporhic function 

2 oo 

(3.5) '^{q)=deg{R'TT,{n\/^,))vQ + Y, Yl ^'il^"' 

mod 3 

is a vector-valued modular form of weight 11 and type p\, . 

4. Modular forms on 0(2,20) lattice 

4.1. Dimension of Mod{Mp2{Z),k, p*^, ). In this subsection, we will com- 
pute the dimension of the space Mod(Mp2(Z), k, p\i ) via Bruinier's formula 

HI- 

Proof. According to Lemma 2 in [3] , the formula yields the following evalu- 
ation: 

dimMod(Mp2(Z),A:,pX,) = (2 - 1/2 - 2/3) + ^ - ^Re[e^^^^G(2, A[,)] 

_ lRe[e^^^^(G(l, A^) + G(-3, A'o))] - i 

_ fl if A; = 3, 5; 
"[2 if A; = 11. 

where Re(.) denotes the real part of (.) and G(a, Aq) denotes the quadratic 
Gauss sum 

Gia.A'o) = ^e-^^'^^ a G Z. 

n=0 
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Remark 6. Since Aq and the lattice — VF in ()2.2p differ by an even unimod- 
ular lattice, we have Mod{Mp2{'I^),k, p\, ) = Mod{Mp2iZ),k, p*_^,). There- 
fore, we will study the modular forms on lattice W = —W instead. 

4.2. Eisenstein series. In this subsection, we summarize some results on 
various Eisenstein series (cf. [7j Q which will be used later. 

4.2.1. Scalar-valued case. Assume that k > 2 is even. The classical Eisen- 
stein series 

(4.1) mr) = i-^EEd'~v 

^ n>l d\n 

is a modular form of weight k for 5'L2(Z), where Bj. is the Bernoulli number 
(see later in (|4.7p ). 

Let X denote the nontrivial Dirichlet character modulo 3 on S'L2(Z), i.e. 

where X-3 ■ ^ ~^ {Oj il} is the nontrivial Dirchlet character modulo 3. We 
define the modular group ro(3) (resp. r'^(3)) to be the subgroup 

, I € 5*^2 (Z) I c = mod 3 > (resp. 6 = mod 3), 

Then we have following results: 
Proposition 4.2.2. Assume that k > is an odd integer. Then 



(4.2) EkiT,x):-- 



fl + 6EEX-3(S)'?" k = l, 

n>l d\n 

EE^'~'x-3(^)q" k>3. 

^n>l d\n 



is a modular form of weight k with character x for ro(3). 

Respectively, £'^(r, x) = Ek{T/3,x) is a modular form of weight k with 
character x for r'^(3). 

Proof. See [3] Lemma 10.2 and Lemma 10.3 for the modularity of (j4.2p . 
Next, the modularity of E'^{t, x) comes from [7] Theorem 4.2.3 and §4.8. il|k 

4.2.3. Vector-valued case. Now we introduce the case of vector- valued Eisen- 
stein series on C[M^/Af] contructed by Bruinier and Kuss in [6]. Let k S 2^ 
and / be a vector- valued function on C[M^/M]. The Petersson slash oper- 
ator is defined by 

(4.3) f\l{g){T) = <l^{r)-^'pl,{g)-'f{AT) 

for g = (A, 0) G Mp2{'L). Then we have: 
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Lemma 3. [6] Let vq £ C[Af^/Af] be the vector corresponding to the trivial 
class in M^ /M and consider vq as a constant function from % to C[A/^/M] . 
The vector-valued Eisenstein series attached to M with respect to vq 

(4.4) ^(r) = ^ Yl ^o\Ug)ir) 

is a vector-valued modular form of weight k and type p\j on C[Af^/M], 
where Too denotes the subgroup of Mp2{'L) generated by the elements 

For 7,7' G M^ /M, we denote by 77' the function (7,7') mod Z. In the 
case of M = W and k > 2, the weight k vector- valued Eisenstein series 
attached to W' is given by [6] as follows: 
(4.5) 

\.^,w..h^^ v^mmx-s) }li-x-siP)P-'' ' 

n>0 

Here, L{k, X-s) denotes the Dirichlet L-series with character x-3 and L^^n{k,p) 
is the local Euler product defined as following: 

d^ = min{6 G N, b-f £ W'}; 

Up = 1 + 2vp{2d^n), Vp is the p-evaluation; 

(4.6) iV^,„(a) =tJ{r G (Z/aZ)2 |-(r-7)2 + n = mod a}; 

When k = 5, 



v=0 



where B]^[x) is the Bernoulli polynomial [2D] given by the generating func- 
tion 

n=0 
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and Bk{0) = B^- Thus one obtains that 

(4.8) ">o 

=(2 + 492g + 7200^2 + 39372g3 + . . .)vq + [Qq^'^ + 1446^^/^+ 
14412g^/3 + . . .)vi + {<dq^/^ + 1446g^/^ + 14412g'^/^ + . . >2. 

Remark 7. In this situation, the vector- valued Eisenstein series E^{q) 
equals two times the Siegel theta series [1] of the lattice M = W ® E^ : 

4.3. Construction of modular form. Now we are ready to find the basis 
of Mod(Mp2(Z), ll,p^/)- Given any two level N scalar- valued modular 
forms f{q),g{q) on the upper half plane Ti of weight ki and A;2- The n-th 
Rankin-Cohen bracket is defined as follows: 

[/(.),5(.)]n = E(-ir ( "t-."' ) ( ''^';~')f^'H<i)-9^''-'H<i) 

where /'''•' denotes the r-th differential of / with respect to r. 
For a vector-valued modular form 

one can extend the Rankin-Cohen bracket to F (q) and g{q) as follows, 

(4.9) [f(q),g(q)]^= ^ [F^{q),g{q)]nV^ 

7eMV/Af 

The following result can be found in J13j . 

Lemma 4. // F{q) G Mod(Mp2(^), ^i,pXf) ^'^^ dil) ^ scalar-valued mod- 
ular form of weight k2 and level 1, then 

[P,g]n G Mod(Mp2(Z), fei + k2 + 2n,p*M). 

Our main result is: 

Theorem 5. The vector-valued functions 

tniq) = [t^iq), Ee^2n{q)]n, n = 0, 1, 

form a basis o/Mod(Mp2(^), ll,/o|y)- Furthermore, 



-> 



^{q) = -Ft{q) - -/i{q) 
(^•10) ^ (^_2 + i92g + 196272^2 + . . .)vo + (0 + 3402g^/^+ 

917568g'^/3 + . . .)vi + (3402g'^/3 + 917568g'^/2 + . . .)v2. 



12 ZHIYUAN LI, LETAO ZHANG 

Proof. The modularity of Fn{q) comes from Lemma [H Moreover, a direct 
computation shows that Fq and -Fi are hnearly independent. Thus they 
form a basis of Mod{Mp2{1'), 11, /9^/) by Lemma[2l 

To obtain the expression (j4.10p . it suffices to use the fohowing two con- 
straint conditions: 

(1) The degree of the Hodge bundle R'^7r^{i^]^) is —2, which gives the 
coefficient of q^vq. 

By Grothendieck-Riemann-Roch, we have the following Chern char- 
acter computation: 

ch(7r!r2_^ypi) = ch(— i?V*i7_^ypi — R^tt^^^^^i) 

= 7r*(ch(ri^/pi)td(T-£/pi)) 

= -2 + 2ci(Opi(l)), 

where T^^/pi is the relative tangent bundle. Moreover, as the line 
bundle i?^7r*(fi^,pi) = R'^tt^C is trivial by the Lefschetz hyperplane 
theorem, we obtain deg(r2^.,pi) = —2. 

(2) There is no discriminant 2 special cubic fourfolds in a general pencil 
of cubic fourfolds. It follows that the coefficient of q^'^vi is 0. 

Remark 8. The coefficients in (j4.10p coincide with our computation in ^2.31 

5. Proof of Theorem 1 

In this section, we will study the modularity of certain functions coming 
from a vector- valued modular function on C[M'^ /M]. 

5.1. Modularity of ^j. Denote by M the group M^ /M and let rric : M ^ 
Ai be the multiplication map by c € Z. Let Ai'^ be the image of rric and 
Aic be the kernel. The set 7W^* defined by 

(5.1) {i/ G 7W I C7V2 + 1^7 = modZ,V7G7Wc}, 

is a coset of A^'^ with representative Xc (cf. [17]). Then there is a well-defined 
Q/Z valued function M""* -^ Q/Z given by 

u = Xc + c^ I — > fc = C7 /2 + 7Xc mod Z. 
Write e(x) = e^'^*^; the Weil representation can be expressed as follows: 

Theorem 6. ^ Let g = {A, (j)) G Mp2(Z) and A = ( "' ^ j . Then 

(5.2) P*m{9)v^ = C ^rj-^ Yl e{-avl/2-bv-^-hd-i'^)vd-^+y , 
where ^ = e{sign[Ai) / 4) W ^p, and the local factor ^p is determined by the 

V 

Jordan components of A4. 



MODULAR FORMS AND SPECIAL CUBIC FOURFOLDS 13 

In particular, if N is an integer such that -^— € Z for all ^ £ A4, then 
(5.3) 



pIi{9)vj = ( ^ 1 e((a - l)oddity{M)/8)e{-bdj' /2)vd^, if g e FoiN) 

where ro(-^) C Mp2{Z,) is the preimage of ro(A'^) and (^) is the Jacobi 
symbol. 



The definitions of ^p and tlie oddity of M are given in [17]. Now we 
consider the case where M = W' and denote W = W'^ jW' . The following 
result is straightforward by (j5.3p : 



Corollary 7. Let F = Yl ^i'^i ^^ ^ vector-valued modular form of weight 



2 

I 

i=0 



k and type fi^i . Then 

(i). Fq is a scalar-valued modular form for ro(3) of weight k with char- 
acter X- 

(a). Fi = F2 is a scalar-valued modular form for ri(3) of weight k with 
character x'(j4) = e~3~, where 

ri(3) = |(" ^^jeSL2iZ)\a = d = l,b = mod 31 . 

The space Mod(ro(3),x) of modular forms with character x for ro(3) 
is a polynomial ring generated by £'i(r, x) and £'3(t, x) in (|4.2p (cf. [3]). 
Therefore, the holomorphic function Fq can be expressed as a polynomial of 

Ei{t,x) and E3{t,x). 

Since the Legendre symbol of 3 and the Dirichlet charactor x-3 coincide, 
we can see that 

a(^) = Ei{q, x) = l+6q + 6q^ + 6q^ + 12*7^ + . . . 

I3{q) = Es{q, x)=q + 3q^ + V + 13/ + 24g5 + . . . 

Then we have 

Corollary 8. Set "^ = Y^ "^iVi. Then 

i=0 

(5.5) *o(g) = -2a^^ + 324aV + 183708a^/32 + 44089920^/33. 

Proof. The computation is done via checking the first four terms of ^q Jft 

5.2. Modularity of ©((/). With the notation above, we consider the scalar- 
valued holomorphic function 

(5.6) e'{q) = ^0 + ^1 + ^2- 
Recalling that Q{q) = 'I'o + ^('fi + ^2), we have 

(5.7) e{q) = ^{e'{q) + Mq))- 
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Since ker/?^, = r(3), Q{q) is a modular form of level 3. Moreover, one 
can check that @'{q) is a scalar- valued modular form with character x foi^ 
the congruence subgroup r'^(3) with generators 

(-) ( -\ ? ) • ( -1 - 

Remark 9. This can be verified by either Theorem[6]or using the generators 
()5.8p to check the modularity. 

Similar as Mod(ro(3),x), the space Mod(r'^(3),x) of modular forms for 
r'^(3) with character x is also a polynomial ring generated by the Eisenstein 
series E[{t,x) and £^3(t,x)- 

Therefore, the ^-expansion of <&'(t) can be expressed as a linear combi- 
nation of 

(5.9) a^i(gi), a\q-s)(3{q-s), a\ql)^\qh), a\qh)p\ql). 

The following formula is then obtained by checking coefficients: 



Corollary 9. 

@'{q) = - 2a^^{q^) + 132a«(gi)/?(g^)- 

2n2a^{q\)p'^{ql) + lSlAAa'^{q\)p\ql 



(5.10) 
Hence 



Q{q) = - a^\q) + lQ2a^{q)l3{q) + <^lSMa^{q)l3'^{q) + 
(5.11) 2204496a2(g)/3^(g) - a"(g^) + 66a'^(g3)/3(g3) 

- 1386a^(g^)/32(g3) + m72a^ {ql) (3^ {ql) . 

6. PiCARD GROUP OF THE ARITHMETIC QUOTIENT 

Let M be an even integral lattice of signature (2, m) and X]^i the arith- 
metic quotient defined in §3.21 A natural question is whether the Picard 
group with rational coefficients Y'\C(^{Xm) is generated by the Heegner divi- 
sors. 

We denote by PicQ(Afj\//)^'^^3"er ^j^g subgroup of PicQ(A'A/) generated by 
the Heegner divisors and Cusp(Mp2(2), 1 + YjPm) ^^^ space of vector- 
valued cusp forms (i.e. vector-valued modular forms vanish at 0) of weight 
I + Y ^^d type p\,j. 

Lemma 5. [l][l] If M contains U®"^ as a direct summand, then 

dimPicQ(;fM)"'='=s"'='" = 1 + dimCusp(Mp2(Z), 1 + ^,p^) 

Remark 10. If M = Zw © U®"^ © (-E'g)®^ is an even lattice of signa- 
ture (2, 19), where M corresponds to the primitive cohomology of a quasi- 
polarized K3 surface of degree I and (uj^uj) = —I. The question above is 
equivalent to asking whether PicQ(A^;) is spanned by the Noether-Lefschetz 
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divisors on 7W;, where Aii is the moduli space of quasi-polarized K3 surfaces 
of degree /. This question remains open when I > 4 (cf. |13j §7). 

In this section, we are interested in the case M = — Aq, where Xm = X. 
As we computed in 21 Cusp(Mp2(Z), 1 + ^, /?^) is a one-dimensional space 

generated by Fi. Therefore, we have 

d\.inVKQ{X)^^''3^^' = 1 + 1 = 2. 

On the other hand, let C* = W^ / /SLq{C) denote the moduli space of stable 
cubic hypersurfaces in ¥{V) in the sense of Geometric Invariant Theory, 
where LC^ is the open subset of P(Sym^V*) consisting of all points which are 
stable under the action of SLq{C). 

In [2], Kirwan has shown that 

W{C',q) = H\BGLe{C),Q) 

for i < 12, where BGLq{C) is the classifying space of the complex general 
linear group GLq{C). The cohomology ring of BGLq{C) is a polynomial 
ring generated by 6 generators in degree 2, 4, 6, . . . , 12 (cf. [9]). In particular, 
dhjiQ H'^ {C^ , Q) = 1 and hence PiC(Q(C'^) has rank one. 

As indicated in ^ the moduli space of cubic fourfold with at worst iso- 
lated simple singularities C is an open subset of C*. Furthermore, the bound- 
ary component C^\C has codimension bigger than one (cf. [8] |10j). 

By the definition of stability, the Lie group SLq{C) acts on U^ and U 
smoothly with only finite stabilizers. It is easy to see that there are natural 
orbifold structures on C* and C (cf. |15j §8.4). Then C^ and C are complex 
orbifolds and thus Q-factorial. 

Let Div(C^) be the group of Weil divisor classes on C^ and Div(C) the 
group of Weil divisors classes on C. Then Div(C'^) = Div(C) as codim(C, C*) > 
2. It follows that PicQ(C'') = Div(C^) Q and PicQ(C) = Div(C) ® Q by the 
Q-factority. We thus conclude that 

Theorem 10. The Picard group with rational coefficients PicQ(C) has rank 
one. 

Recalling that C is an open subset of X via the open immersion V : C ^ X 
and the boundary X\C is Z?2 (see Remark S]), we have the following result 
as a corollary: 

Corollary 11. PicQ(^) has rank two and is spanned by yo,o and D2 = 
yi/3,71 ■ 

7. Appendix 

7.1. Computation of the degree of Cq. Recall the two exact sequences 
(j2.8p and (j2.7p . Let H denote the hyperplane class on F(y) and Cj = Ci{K), 
the chern classes of K. By (j2.7p . Chern polynomial of J^(Op(v')(3)) can be 
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written as: 

5 



q( ji(Op(v^)(3))) = (1 + 3Ht) ^(1 + 3Htf-^ (^) i-tHY . 

i=0 ^^^ 

Then (j2.8p implies the equation 

1 = ct{K) X ct{JHOps{3))) 
= ct{K) ({1 + 3Ht) ^(1 + 3Htf"' Q i-tHYJ , 

which yields 

ci = -12H,C2 = 84i/^C3 = -448iJ^C4 = 2016i7^,C5 = -8064i7^ 
Since the rank of K is 50, it gives 

(7.1) e'+c,e'+---+c5e' = o. 

It follows that 

^54 ^ (_g5 ^ 4^3^^ _ 3^^ ^2 _ 3^2^^ ^ 2C2C3 + 2ciC4 - €5)^^^ = 192 . 

7.2. Computation of the degree of Cg. Recall the two exact sequences 
()2.9p and ()2.10p . Still, we let q denote Chern classes of K' and set aa to be 
Schubert class of Gr{3,V), where a = {01,02,03} satisfies 3 > oi > 02 > 
03 > 0. Since K' is of rank 46, we have the equation 

(7.2) ^46 ^ ^^^45 ^ . . . ^ ^g^37 ^ Q_ 

This implies 

^54 ^(_g9 _^ gg7^^ _ 7^6^^ _ 21cl4 + 6cf C4 + 30cf C2C3 - 5cf C5 + 20c? c^ 

- 20cf C2C4 - lOcfcl + 4cf C6 - 30cf C2C3 + I2C1C2C5 + I2C1C3C4 - 3ciC7 

— 5ciC2 + I2C1C2C4 + I2C1C2C3 — 6C1C2C6 — 6C1C3C5 — 3C1C4 + 2ciC8 
+ 4C2C3 - 3C2C5 - 6C2C3C4 + 2C2C7 - C3 + 2C3C6 + 2C4C5 - Cg) • ^^^ . 

According to the exactness of ()2.9p . we get 

01(5) = -0-1, 02(5) = CTl,l, C3(5) = -(Tl,l,l. 
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Then Cj can be computed via the exact sequence (I2.10p as fohowing: 

Ci = — 10 • O"! 

C2 =60 • (Tj — 15 • (Tl^l 

C3 = - 282 • af + 189 • ai ■ cri,i - 27 • 0-1,1,1 

C4 =1149 • aj - 1395 • af ■ cri,i + 351 • ai ■ cri,i,i + 162 • al^ 

C5 = - 4272 • af + 7911 • af ■ 0-1,1 - 2673 • af ■ cri,i,i - 2484 • ai ■ o-f,i 

+ 648 • 0-1,1 • (71,1,1 
C6 =14932 • af - 38268 • 0-^ • 0-1,1 + 15629 • af ■ cti,i,i + 21898 • af ■ a\^ 

- 10188 • 0-1 • (71,1 • cri,i,i - 1570 • crJi + 702 • 0-? ^ ^ 

cy = - 49996 • a\ + 166590 • a\ ■ cri,i - 77858 • af ■ cti,i,i - 146032 • af ■ g\^ 
+ 92052 • a\ ■ cri,i • 0-1,1,1 + 28522 • ai ■ c7?,i - 11232 • ai ■ erf ^^ 

- 10206 • 0-? 1 • 0-1,1,1 

C8 =162369 • af - 673530 • af ■ C7i,i + 348538 • af ■ C7i,i,i + 819728 • af ■ a\^ 

- 628656 • a\ ■ cri,i • cri,i,i - 293408 • af ■ af^^ + 103302 • af ■ af^^^^ 
+ 189162 • 0-1 • <7?,i • <7i,i,i + 14583 • 0-^,1 - 23490 • cri,i • o-f ^ ^ 

eg = - 515886 • af + 2580498 • af ■ 0-1,1 - 1446718 • af ■ ai,i,i 

- 4093280 • af ■ a\^ + 3609936 • a\ ■ cti,i • ai,i,i + 2253992 • af ■ a?,i 

- 717984 • af ■ afii - 1983960 • af ■ a\^ ■ 0-1,1,1 - 307242 • ax ■ 0-1,1 
+ 441774 • 0-1 • f7i,i • <7^,i,i + 134244 • ct?,i • cti,i,i - 18954 • o-? ^ ^ 

Hence we obtain deg(C8) = C^^ = 3402. 
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